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Computation of Transonic Flow Around Airfoils
with Trailing Edge and Shock/Boundary Layer Interactions
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A viscous/inviscid interaction procedure is developed for computing steady transonic flows over single air
foils It combines the method used in the GRUMFOIL code with a solution for transonic shock/boundary layer
interactions For airfoil shock locations around midchord it was found that marching under the shock using
boundary layer theory gives results which are similar to those obtained with a detailed interaction theory except
for significant changes in the prediction of displacement thickness rise and skin friction drop downstream of the
shock However the two procedures give significantly different results when the shock position is rearward
(70% chord or more) Then the shock/boundary layer interaction module alters the flow with consequent global
effects on shock location and lift
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Nomenclature
airfoil chord
entrainment function = 1 /pe ue ( d/ds )
(p.u.Hj)
skin friction coefficient
pressure coefficient
lift coefficient
drag coefficient
moment coefficient
"incompressible" shape factor
d-d*/o
Mach number
Reynolds number based on chord
surface coordinate
angle of attack
displacement thickness
momentum thickness
density
kinematic viscosity

= related to streamwise locations around the
shock

= boundary layer edge conditions
= freestream conditions

Introduction

THE transonic flow around airfoils can be influenced to a
large degree by viscous effects ! Thus detailed design of

such airfoils requires the capability of accurately predicting
the viscous effects There are two ways of obtaining this
capability both being pursued vigorously The first is to solve
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the two dimensional Navier Stokes equations for the whole
flowfield Although this is the most complete model it needs
significant computer resources because of the stringent
requirements of adequate resolution of different parts of the
flowfield The second way of obtaining the predictive
capability is through a composite approach involving
viscous/inviscid interactions This way solutions of different
parts of the flowfield are combined in an iterative scheme
The scheme updates these solutions until convergence criteria
are satisfied Thus the simplifying approximations ap
propriate to the different parts of the flowfield can be used to
compute solutions efficiently Reference 1 contains a number
of different approaches and areas of application of
viscous/inviscid interactions In paper 15 of Ref 1 a sim
plified procedure due to Murman is used to account for
shock/boundary layer interactions

In general the segmentation of the different areas of the
flowfield is done according to the importance of viscosity A
classical segmentation is between inviscid parts of the
flowfield usually treated with a potential and areas where
the thin shear layer equations apply the boundary layer and
the wake However segmentation does not account for
regions of the flowfield where both the streamwise pressure
gradients and the role of viscosity are important
simultaneously For the transonic flow around airfoils such
regions can be the shock/boundary layer interaction (SBLI)
region and the trailing edge region These regions are usually
called the strong interaction regions.

The importance of these two regions has been examined
before but for each region individually Reference 2 describes
a code named GRUMFOIL that computes the steady
transonic flow around airfoils using a lag entrainment
solution for the turbulent boundary layer It also uses a
special solution for the turbulent flow around the trailing edge
that accounts for the strong interactions that occur in that
region Boundary layer theory is used to march under the
shock The code has been validated at Lockheed Georgia 3 It
was found that the code produces satisfactory agreement with
the experiments for subcritical cases It was also found that
sometimes, excessive Mach number corrections were needed
to move the shock forward so that satisfactory agreement
could be produced for supercritical cases The effects of the
tunnel walls in transonic flow does cloud the issue when
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Fig 1 Schematic of the segmentation of the flowfield around a
single airfoil

comparison with experiments is attempted Because of this
problem no comparison with the experiments will be at
tempted in this paper

The question that this work addresses is the following: what
is the combined influence of the strong interactions which
occur at the trailing edge and the shock/boundary layer in
teraction region in the prediction of the unseparated viscous
transonic flow around isolated airfoils? The tools used in
answering this question are: the GRUMFOIL code and the
shock/boundary layer interaction theory of Inger 4 5 The
procedure used maintains the attractive features of
viscous/inviscid coupling good numerical resolution of the
separately computed regions of the flow and fast execution
on the computer Briefly the procedure works as follows The
GRUMFOIL code was modified so that the turbulent
boundary layer calculations are discontinued in the shock
region The interaction theory of Inger is used to generate the
boundary layer quantities after the shock region where the
boundary layer calculations are reinitiated It is also used in
the shock region to generate the entrainment velocities
required for the viscous/inviscid coupling Details of the
procedure are given next

The Viscous/inviscid Interaction Procedure
The viscous/inviscid interaction procedure described in this

paper is based on incorporating a shock/boundary layer
interaction module in the GRUMFOIL code A schematic of
the segmentation of the flowfield is given in Fig 1

The inviscid part of the flow is computed using a con
servative form of the full potential equation 2 Thus isen
tropic flow was assumed across the shock This is inap
propriate for strong shockSj and for the airfoils examined an
error estimate is provided in GRUMFOIL Consider the last
supersonic point and downstream of it the first subsonic
point in the shock region of the potential flow grid The
pressure coefficient produced by the isentropic assumption at
the subsonic point differs by less than 10% from the pressure
coefficient generated using the Rankine Hugoniot
relationships This happened at the airfoil surface " (The
quotation marks indicate that the actual solution includes the
displacement effects of viscosity ) The total change in the
pressure coefficient across the shock is greater than the
difference between the pressure coefficients at the two mesh

points mentioned sometimes more than twice as large Thus
although the preshock Mach number in the cases examined
was never higher than 1 3 the possible error introduced by the
isentropic approximation could be comparable to the changes
stemming from different treatment of the flow at the root of
the shock This error warrants further study using the Euler
equations No smoothing of the pressure distribution has been
used in any of the calculations reported in this paper Both
first and second order differencing was tried for the super
sonic regions Practically no differences was found in the
answers

A form of the kinetic energy equation for thin shear layers
is used to generate an ordinary differential equation for the
entrainment function CE in GRUMFOIL 6 Neither the
boundary layer theory nor the approximations used in the
kinetic energy equation are capable of handling very large
adverse streamwise pressure gradients or non negligible
pressure gradients normal to the airfoil surface The reason
for this study is not only the incorrect flowfield that might be
computed by the boundary layer equations at the root of the
shock but the influence of the shock on the subsequent
development of the boundary layer

The method used to compute the shock/boundary layer
interaction region for weak shocks was developed by Inger4

using a nonasymptotic solution of the linearized Navier
Stokes equations The solution has been expressed in a
parametric form 5 the required input to the theory being the
incoming boundary layer displacement thickness Reynolds
number the incompressible shape factor and the preshock
Mach number The theory then gives the pressure and skin
friction distributions across the interaction zone along with
estimates of the extent of the interaction zone

In GRUMFOIL the coupling between the inviscid part of
the flow and the viscous parts is done by using the tran
spiration velocity This velocity is computed from flow
variables generated by the lag entrainment method Thus in
order to insert a local solution for the shock/boundary layer
interaction region the solution must be used to compute the
transpiration velocity in the interaction region This was done
in the present study However before the insertion is ac
complished the location and the extent of the interaction
region has to be determined

Computing the Region of the Shock /Boundary Layer Interaction
Because the boundary layer theory is not used under the

shock the ends of the interaction region have to be deter
mined The potential flow calculation and the viscous/in
viscid coupling produce a smeared shock Thus the ends of
the interaction region can be defined in a nonunique manner
There are two guides for their definition The first is that the
boundary layer calculations should not be subjected to the
pressure rise at the shock The second is the extent of the
interaction region given from the interaction theory for the
particular combination of the incoming boundary layer
properties and the preshock Mach number It turns out that
unless the Reynolds number based on the airfoil chord and the
freestream velocity is below a million the computed in
teraction length is shorter than the smeared shock width at the
airfoil 'surface " Thus the requirement that the boundary
layer not be subjected to the pressure rise at the shock is used
to determine the ends of the interaction zone

A schematic of the distribution of the pressure coefficient
in the shock region is shown in Fig 2 The mesh points A and
B satisfy the above discussed requirements about the ends of
the interaction zone Considerable experimentation was done
to determine a reliable way of finding the points A and B
These points vary in location during the iterative
viscous/inviscid coupling The point O is named the root of
the shock in the potential flow grid It was found that the
results are not very sensitive to the location of O as long as O
is between A and B Thus the following procedure was used
to locate the interaction region
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Fig 2 Schematic of location of the shock/boundary layer in
teraction region

Fig 3 Schematic variation of quantities in the shock/boundary layer
interaction region

The point O was defined as the last supersonic point in the
potential flow calculation The points A and B next to the
neighboring points C and D, downstream and upstream of the
point O, respectively, were taken as the ends of the interaction
region However if the ratio

and/or the ratio

(CP)D-(CP)0

(CP)C-(CP)0

(D

(2)

interaction theory (Fig 3) the streamwise variation of the
properties is negligible at the ends of the interaction region
The change in integral parameters like CL CD CM and the
shock location was affected by about 1 % from the change in
the type of the interpolation

Another test was performed in order to study the sensitivity
of the results to the extent of the interaction region The
boundary layer properties were kept frozen" and equal to
the values at point A at the next location downstream of point
A It was found again that the resulting integral parameters
like CL CD CM and the shock location were practically
insensitive to that change Furthermore all the values of the
boundary layer properties at C and D were found using the
parameterized form of the interaction solution

was less than a prescribed quantity the point D and/or the
point C marked the ends of the interaction region Numerical
experiments showed that 0 1 was a good value for the
prescribed ratio and reliably produced the interaction region
Thus the interaction region ranged from three to five points
in the potential flow grid

The interaction theory gives a continuous variation of the
boundary layer parameters in the interaction region The
interaction theory provides this variation in a parameterized
form of smooth exponential relations using the upstream
boundary layer parameters and the characteristic upstream
and downstream lengths of the SBLI region A schematic of
this variation is shown in Fig 3 The calculation of the
potential flow requires boundary layer quantities only at the
discrete points At these points the boundary layer parameters
are computed using the continuous parameterized form of the
interaction solution There were two other alternatives for
treating the intermediate points C and D of Fig 2 The first is
to keep the boundary layer quantities "frozen" and equal to
the end values The second alternative is to use interpolated
values between the values at the root of the shock point O
and the values at the ends of the interaction region points A
and B Both options were used It was found that the results
were practically insensitive to the choice

A test was performed to study the sensitivity of the results
to the form of the interpolation Both linear and exponential
variation were assumed for the boundary layer properties in
the interaction region the latter because according to the

The Viscous/Inviscid Coupling
A grid sequencing is used in the potential flow calculation

in GRUMFOIL The number of points used in the
"wraparound ' direction is 40 80 and 160 as the grid
becomes denser In order to save time the shock/boundary
layer interaction is computed only in the dense grid In the
two coarse grids boundary layer theory is used to march
under the shock There was no increase in the number of
relaxation cycles necessary to converge nor was there a need
to change the relaxation parameters As a result there is
practically no change in the run time of GRUMFOIL

A parameter that affects the solution significantly in the
shock region is the entrainment function CE Relationships
based on its definition are given in the Appendix In the lag
entrainment system CE is a dependent variable related
empirically with the kinetic energy of turbulence The
distinction between "equilibrium" and ' nonequilibrium"
values of CE is used in formulating the lag entrainment
system An effective inviscid injection velocity v-t (a
relationship expressing its definition is given in the Appendix)
is computed in GRUMFOIL using the entrainment function
and the external streamwise velocity distribution at the
boundary layer edge Since the interactive pressure gradients
play an important role in determining these parameters both
CE and v{ are explicitly computed from the boundary layer
parameters given by the interaction theory Because only the
basic definition of CE is used (see Appendix) there is no need
to distinguish between its equilibrium and nonequilibrium
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Fig 4c Predicted skin friction distribution for the upper surface of
the RAE 2822 airfoil M*> = 0 730 a = 1 704 deg Re = 6 5 X 106

values Generally it was found that the interaction theory
gives lower values for CE in the region after the shock than
for the lag entrainment method

Results
This extended composite flowfield analysis method has

been applied to the study of numerous supercritical airfoils
Several selections from these results which illustrate the
salient SBLI effects of interest will now be presented and
discussed
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Fig 4b Predicted displacement thickness distribution for the upper
surface of the RAE 2822 airfoil A/^0730 a=1704 deg
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Fig 5 Predicted C, a curve for the RAE 2822 airfoil ^=0730

RAE 2822
We consider first the experimentally documented RAE 2822

airfoil, which is a widely cited check case The predicted
pressure, displacement thickness and skin friction
distributions for a typical cruise flight condition are
illustrated in Figs 4a c As expected for this moderately aft
loaded condition with a relatively forward shock position
around midchord (050 <#SH/c<0 60), the two ways of
computing the SBLI effect yield almost identical results for
the pressure distribution and shock location However the
detailed interaction effects on <5* and CF are more important;
improper treatment of the interaction zone can underpredict
the subsequent 5* increase and CF drop The effect of SBLI
becomes more pronounced at higher angles of attack
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Fig 7 Predicted Cf CM curve for the RAE 2822 airfoil
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An extensive parametric study of a wide range of operating
conditions was done to evaluate the relative SBLI modeling
effect on the global aerodynamics of this typical airfoil The
pesujt&jpr typical full scale Reynolds number and flight Mach
nurrifeej-; deemed a significant aspect of the present in
vesti^ffion, are presented in the form of the predicted lift
curves'"1CL vs a. (Fig 5), drag polars CD vs CL(Fig 6), and the
associated pitching moment characteristics CM vs CL (Fig 7)
It is clearly seen from Fig 5 that the global influence of the
SBLI zone detail on lift, while negligible at Ipwer a, has an
appreciable effect at higher angles of attack approaching the
stall At these higher a's neglect of the proper SBLI modeling
results in 10 15% underestimate of the lift which is a big
effect The reason may be ascribed to the rearward movement
and strengthening of the shock with increasing a. which
consequently increases the global influence of the SBLI model
on this very shock position and strength

There is also an accompanying slight reduction in the
predicted drag coefficient of 10 to 20 counts (Fig 6) with an
attendant significant increase in the nose down pitching
moment (Fig 7) It is reemphasized here that the correct
trailing edge interaction is included in all these results

The predicted effects of Reynolds number ("scale effect")
on these results, which is of great practical interest to both
R&D and design engineers were also obtained in our
study These effects are weak over the examined range
6<Rec x 106 <30 In all cases we see once again that the
SBLI details can significantly alter the displacement thickness
and skin friction well downstream of the interaction zone
This is in agreement with the earlier inferences of Inger7 and
the recent results of Nandanan et al.8 The evolution of the
pressure distribution with the angle of attack is shown in Fig

Lockheed LG4 612
As a second case study example, a 12% thick supercritical

airfoil design9 was chosen because there is a Lockheed

l o
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Fig 8 Predicted evolution of the pressure distribution on the RAE
2822airfoil /V/^0730 a=1704 2 2 and26deg Re=l}x\Q6

Georgia experimental program aimed at measuring the flow
properties in its SBLI region n The operating cruise con
ditions intended for this design involve nonseparating flow at
somewhat higher flight Mach numbers than the RAE 2822
and hence much more rearward shock locations
(0 60<xSH/c<0 80) Accordingly one would expect
significant global as well as local SBLI effects to occur at
much lower angles of attack
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Fig 9c Predicted skin friction distribution for the upper surface of
the LG4 612 airfoil A/^0735 a= 1462 deg J f e = l l x l 0 6

Typical pressure displacement thickness and skin friction
distribution predictions for this airfoil at an A/a, =0735
Rec = l l x l O 6 flight condition are presented here for two
angles of attack a moderate cruise angle a = 1 46 well below
stall onset (Figs 9a c) and a higher a = 2 0 deg in the stall
onset (Figs lOa c) As expected the global influence of the
SBLI module is significant in altering the shock location and
strength even at the lower a. condition and is quite

WITH SBLI
• WITHOUT SBLI

0 016
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6/C

0 008

0 004

0 000 L-.̂
0 0 0 2 0 4 0 6

X/C
0 8 1 0

Fig 9b Predicted displacement thickness distribution for the upper
surface of the LG4 612 airfoil M00=Q135 a-1462 deg

pronounced indeed at a. = 2 00 deg This is further borne out
by parametric study results over a range of a for the global
aerodynamic coefficients presented in Figs 1113 There is a
10 15% relative lift and negative pitching moment enhan
cement with increasing angle of attack predicted by the in
elusion of the proper SBLI zone modeling

Concluding Remarks
A fundamentally based shock/boundary layer interaction

module has been incorporated into the state of the art
viscous/inviscid coupling procedure GRUMFOIL, which
computes the steady unseparated transonic flow around
single airfoils including the trailing edge interaction region

For nonseparating airfoil operating conditions involving
shock locations around midchord (such as a low angle of
attack and moderate Mach number cruise flight condition) it
was found that inclusion of proper modeling of the
shock/boundary layer interaction has little influence on the
global aerodynamic properties although it does result in
noticeable errors in the predicted displacement thickness and
skin friction distributions for distances downstream of the
shock However for airfoils that operate at higher angles of
attack and/or Mach number (such as approaching incipient
stall) where a more rearward (70% chord or more) shock
locations occur the details of the SBLI zone exert significant
global effects on lift (10 15%) drag and pitching moment as
well as very noticeable local flowfield effects These results
are in agreement with the qualitative implications of several
earlier studies More results from the code developed in this
work are found in Ref 10

As a broad rule of thumb it is the conclusion of this study
that when the shock is more than about 60% chord aft the
proper details of the shock/boundary layer interaction zone
should be included for accurate aerodynamic predictions as
well as local boundary layer flow results downstream When
this is done the resulting modified GRUMFOIL composite
code should yield good results (including the incipient stall
regime) up to the point of boundary layer separation in the
trailing edge region
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Appendix
The entramment function CE is defined as

1

peue dx Jo77 „ P"^ (Al)

From the integrated continuity equation across the boundary
layer, the streamline slope at the boundary-layer edge is
formally linked to this function by the general relationship

(A2)

The strong influence of CE on the inviscid transpiration
velocity of the GRUMFOIL code is evident in Eq. (A2).

Instead of supplying an empirical formula for CE, we may
instead develop a basic relationship that links it directly to the
local interaction properties, working directly from the right
hand side of Eq. (Al). Thus, upon introducing the definition
of displacement thickness 5* we have

(A3)

Then subtracting out the local CE pertaining to the un-
disturbed boundary layer (denoted by subscript 0), the in-
teractive perturbation (indicated by a prime) is given in the
leading approximation for a small disturbance isentropic
inviscid flow by the expression

d(5 -6* )
: dx

Me2
0-

We, dx
(A4)

since d0 changes negligibly along the short interaction zone.
Now it can be further shown that d /<5* =d0/5(j to the same
order of approximation and Eq. (A4) yields the useful result

d5* | 5*0(Me2
0-l)

dx yp dx (A5)
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This relationship provides the correct local interactive change
of CE without any empiricism relating it directly to the
correct interactive solutions for <5* (x) and pe (x) along
with the proper incoming local undisturbed boundary layer
properties Similarly the effective inviscid injection velocity
can be related directly to the correct interactive solutions for
the displacement thickness and the pressure distribution as
follows:

Ue pe Ue cbc
~(PeUed^) (A6)

1) /dpe \~|ue0
=0o\-^\-wr yPeoM4 UrJJ (A7)

Equation (A5) typically predicts a maximum C'E>Q around
the shock foot station of the interaction zone
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